In this work, some nonconforming elements on arbitrary quadrilateral meshes in solving incompressible elastic equations are analyzed. A uniform optimal convergence rate is established at the incompressible limit = 0:5 for both displacement and stresses (or pressure in the case of incompressible ow).
Remark 1.1. We may also consider the pure displacement problem. The reason we choose the pure traction problem is that it involves the proof of the discrete Korn's second inequality for the nonconforming method which can be avoided in the pure displacement case.
For the polygonal domain, some care has to be taken at the corners. We say that p = q at S i for p 2 H 1=2 (? i?1 ) and q 2 H 1=2 (? i ) if Z 0 jq(s) ? p(s)j 2 ds s < 1; where s is the arc length measured from S i and 0 < < min j j? j j. For the pure traction problem to be uniquely solvable, the following compatibility condition must be satis ed: (f; v)+ < g; v >= 0 8v 2 fv = (a + bx 2 ; c ? bx 1 where C is a constant which depends only on .
If we denote the stress tensor by = ( ij ), the strain-stress relation is then given by = 2 ? pI; (1.3) where p = ? divu (1.4) is the pressure and I is the 2-by-2 identity matrix.
For nearly incompressible material ( ! 0:5), the standard nite element method de- generates. The reason is that the nite dimensional subspace is not capable of retaining the optimal approximation when the incompressible constraint divu = 0 (1.5)
is enforced. Computationally, the nite element approximation is too \small" as compared with the exact solution -the discrete system \locks". This phenomenon is called \Poisson locking" in the literature. For the mathematical characteristic of locking, the reader is referred to 6].
There have been extensive research e orts on overcoming the locking e ects. The most popular one is the mixed method where the constraint (1.5) is satis ed in a weak sense by treating the pressure p as an independent unknown and introducing a mixed variational By properly choosing the nite element subspaces for u and p, convergence can be achieved uniformly optimal with respect to (or ).
For application in uid ow, is the viscosity, u is the velocity. At the incompressible material limit = 1 (or = 0:5), we obtain from (M ) the equation for incompressible elasticity, a variation of the Stokes equation:
Regarding mixed methods, we refer to 5] and references therein. An alternative way to avoid locking is to use higher-order elements, and such usage leads to the p-version and the hp-version methods. For details, readers are referred to 22].
In the current work, we shall discuss a third way to treat locking, the nonconforming method. The major drawback of the mixed method is that it involves more unknowns and results in an inde nite discrete linear system. By using nonconforming elements, we retain the standard variational formulation (and hence less unknowns and a symmetric positive de nite discrete linear system). The extra nonconforming terms are then used to relax the incompressible constraint. By properly choosing the incompatible terms and, sometimes, a slight modi cation on the variational form, we can equate a nonconforming method with a mixed method. If we can further verify the inf-sup condition, we then achieve the uniform convergence of the mixed method, while keeping the simple standard variational formulation. The nonconforming method has its importance in the practical computation, and it has been widely used in the engineering community even though theoretical justi cation of the locking free property is lacking. Only few theoretical works address the stability of nonconforming methods at the incompressible limit. Readers are referred to 1], 2], 4], 8], and 9] for the discussion of some nonconforming triangular elements. As for quadrilateral elements, the di culty arises from the non-a ne mapping between the reference element and a general quadrilateral element. In this case, nothing has been done regarding the stability analysis. We shall study here the stability property of a quadratic nonconforming element on arbitrary quadrilateral meshes, and comment on some other related elements. This quadratic nonconforming element has been used in stress analysis and produces excellent results in bending dominated situations even for coarse meshes. But its performance in the incompressible elasticity equations had not been emphasized until recently in 20] where it was tested on the driven cavity ow problem.
The rst quadratic quadrilateral nonconforming element was proposed by Wilson et Although the convergence of Wilson's element on unit square meshes was established as early as 1976 for the elastic problem 12], the behavior of the element at the incompressible limit has not been fully investigated. Recently, while treating the enhanced strain method 17], Reddy and Simo investigated stability property for a special case which is equivalent to the Wilson element under uniform square meshes. They pointed out that the proposed element exhibits some features of the well-known Q 1 -P 0 element including the checkerboard mode (See also 26] for an independent work on stability analysis of the Wilson element on rectangular meshes). It remains to be established whether the method for the incompressible problem is stable under some general quadrilateral meshes which is of great practical interest. This is the task of the current work. We shall focus our attention on the Wilson-Taylor element since it is equivalent to an enhanced strain method for general quadrilateral meshes. Because of this reason, the method in this work also provides a vehicle for the stability analysis of enhanced strain methods under general quadrilateral meshes.
Conventional notations for the Sobolev spaces and norms will be used. f diameter of circle inscribed in T i g:
Throughout the paper, it is assumed that the partition satis es the following hypothesis:
There exist a constant > 2 independent of h such that for all K 2 T h ,
Remark 2.1. There is an equivalent condition to (2.1) which has been widely used in the literature: There exist two constants 0 > 1 and 0 < < 1 independent of h such that for all K 2 T h , Our nonconforming nite element subspace is then included in fv 2 L 2 ( ) 2 jv = v F K 2 P (K) 8K 2 T h g; where Q 1 (K) 2 P (K) P 2 (K) 2 , i.e., P (K) contains bilinear polynomials and is contained in the space of quadratic (not biquadratic) polynomials. We write P (K) = Q 1 (K) 2 +B(K), where B(K) contains the nonconforming part. We have at least three choices for B(K). We see that B(K) contains some \bubbles" which are quadratic functions on the four sides ofK, and equal zeros at the four vertices ofK. 
Here the index \c" stands for \conforming", and \b" for \bubble"-the \nonconforming" term. We see that the conforming part is the usual bilinear nite element subspace.
Given v 2 V h , we can express vj K as
for all three elements considered, since (b) is the special case of (2.5) when v K = v K , and (c) is the special case of (2.5) where the second component of v K and the rst component of v K are zeros. From now on, we shall concentrate on the case (a). The discussion for cases (b) and (c) needs some modi cation but the basic idea is the same.
De ne a semi-norm,
We shall see that k k h is actually a norm on V h . Now V h is a Hilbert space equipped with the norm k k h . For any u; v 2 V h , we de ne div h v 2 L 2 ( ), and h (v) 2 L 2 ( ) 4 by applying the di erential operators piecewisely on each element K. Then a nite element method for the elasticity problem (P ) is to seek u h 2 V h such that
Note that on the right-hand side only the conforming part v c is used. Since V h 6 V in general, the method is termed \nonconforming".
3. Geometric properties of quadrilaterals. In order to carry on the analysis, it is necessary to develop some geometric properties of an arbitrary quadrilateral. They are summarized in this section.
Rewrite ( In the following we list some geometric properties of an arbitrary quadrilateral which can be derived from (3.1) and (3.2). Here we set (x 1 ; x 2 ) = (x; y). We modify the inner products by applying@ @x and@ @y to the nonconforming parts. Further, we introduce another modi cation to the divergence term. 24] in order that the element passes the patch test. For this reason, we call it the Wilson-Taylor element. We shall show that the modi cation (4.7) and (4.8) enables us to establish the inf-sup condition and to estimate the consistency error for the mixed problem (M h ). The key observation is
which can be veri ed through (4.1) -(4.4). It is worth to point out that (4.7) and (4.8) change the di erentiation rule which complicate the analysis as we shall see later. The analysis has to be performed at the element level with the detailed knowledge regarding the geometry of the mesh.
The modi cation (4.9) is not essential theoretically, but it simpli es the proof of the discrete Korn's inequality. Without (4.9), we are still able to prove the discrete Korn's inequality but with much tedious derivation (a sketched proof is provided in the appendix). However, from a practical point of view, (4.9) is equivalent to a preconditioning for the sti ness matrix (by simplifying some o -diagonal entries).
The purpose of (4.10) is to establish the equivalence between problems (MP h ) and (M h ). .4) For further analysis, we introduce some more notation. For any v = u; v] T 2 V h and K 2 T h , (2.5) can be rewrite aŝ
where
De ne 0 , the L 2 projection operator from L 2 ( ) onto the space of piecewise constant W h = fq 2 W h ; qj K 2 P 0 (K) 8K 2 T h g: The stability condition (4.19) is a direct consequence of (5.32) and (5.33).
Remark 5.1. Theorem 5.2 states that any quadrilateral mesh which is stable for the Q 1 -P 0 element is also stable for the Wilson-Taylor nonconforming element. It is well known that the only unstable case for the Q 1 -P 0 element is the checkerboard mode. So, in practice, any quadrilateral mesh which breaks the checkerboard mode for the Q 1 -P 0 element will be stable for the Wilson-Taylor element. For example, the mesh that has a macro-structure as in Figure 2 is stable for the Q 1 -P 0 element. For types of quadrilateral meshes that are stable for the Q 1 -P 0 element (i.e., satisfy (5.30) and (5.31)), the reader is referred to 21] and 16]. Indeed, despite the checkerboard mode, the Q 1 -P 0 element is very e cient in many practical situations.
Clearly, the stability analysis of the Wilson-Taylor element is based on the stability analysis of the Q 1 -P 0 element. Techniques that makes the Q 1 -P 0 pair work are also valid for the Wilson-Taylor element. For example, the macroelement structure and the ltering method to eliminate the checkerboard mode are e ective for the Wilson-Taylor element.
It is worthwhile to point out that the analysis here implies the stability of the more general enhanced strain method for arbitrary quadrilaterals, at least in some special situations. All three nonconforming elements introduced in Section 2 can be constructed naturally from the enhanced strain method 3], 20]. From this point of view, we can say that the stability analysis of the enhanced strain method has been partially solved. This complete the proof.
Remark 5.3. We see that the conforming part itself converges to the exact displacement (or velocity for incompressible ow) with the optimal convergence rate. It appears that the main function of the nonconforming part is to achieve stability. Indeed, the error bound for the consistency term E h cannot be improved; the convergent rate obtained here is optimal despite the P 2 -P 1 pair for the displacement (velocity) and the stress (pressure). Then the question arises: Is there any advantage in using the Wilson-Taylor element which costs more than the Q 1 -P 0 pair? In the rst place, since the bubble terms can be condensed at the element level, the computational cost for solving the nal linear system is the same for the Wilson-Taylor element as for the Q 1 -P 0 element. Secondly, and most importantly, numerical results indicate that the actual convergence rate of the Wilson-Taylor element for the compressible case is slightly higher than that predicted by theory, and the constant appearing in the error estimate is much lower than that of the Q 1 element 3]. If we look at the right-hand side of (4.20) , the rst two terms have errors of order O(h 2 ) when u 2 H 3 ( ) 2 , and the consistency error E h is the dominant part asymptotically. Intuitively, we see that the idea of the Q 1 -P 0 element is to project pressure from P 1 to P 0 , and the idea of the Wilson-Taylor element is to raise the displacement (or the velocity) from Q 1 to P 2 in order to balance the P 1 pressure.
In conclusion, we have analyzed the stability property of the Wilson-Taylor nonconforming element for the pure traction linear elasticity problem at the incompressible limit under general quadrilateral meshes (see Remark 5.1). The regularity assumption on the partition is (2.1). Note that we do not even need the quasi-uniform mesh. The signi cance of the analysis is its practical importance. As we mentioned earlier, there are at least three major developments in the engineering literature regarding this type of the nonconforming element: (1) The Wilson-Taylor element discussed here; (2) The assumed stress method; (3) The enhanced strain method. Both (1) and (2) have been widely used in industry for years, and (3) was proposed very recently and has shown much promise. The current work provides a vehicle for the stability analysis of the enhanced strain method. A similar stability analysis may possible be applied to the assumed stress method which remains an open problem. where V h is the nonconforming nite element space which contains piecewise bilinear functions that satisfy the homogeneous boundary conditions and bubble functions. Obviously, it is not necessary to establish the discrete Korn's inequality for the above variational formulation (but it is inevitable to establish the discrete Korn's inequality for the pure traction problem) and Theorem 5.1 is trivially true in this case with = . Furthermore, Lemma 5.2 and Theorem 5.2 are valid regardless of the boundary condition, and the consistency error E h can be estimated similarly (with no < g; v c > term) as in the case of the pure traction problem. Hence, the stability result of the pure displacement problem can be obtained. Actually, the pure traction problem is harder to analyze than the pure displacement problem as long as the nonconforming method is concerned. See 9] and Remark 1.1.
The analysis here is also valid for Stokes problem since it is essentially equivalent to the above Dirichlet problem.
